This study numerically and analytically investigates the dynamics of a rotor under viscous or dry friction as a non-equilibrium probe of a granular gas. In order to demonstrate the role of the rotor as a probe for a non-equilibrium bath, the molecular dynamics (MD) simulation of the rotor is performed under viscous or dry friction surrounded by a steady granular gas under gravity. A oneto-one map between the velocity distribution function (VDF) of the granular gas and the angular distribution function for the rotor is theoretically derived. The MD simulation demonstrates that the one-to-one map accurately infers the local VDF of the granular gas from the angular VDF of the rotor, and vice versa.
I. INTRODUCTION
Granular materials are ubiquitous in our daily life and are extensively studied mainly in various engineering fields such as soil mechanics, geology, powder technology, and civil engineering [1, 2] . They are also studied in the area of statistical physics [3] [4] [5] [6] because they exhibit various interesting phenomena, such as jamming transition and inhomogeneous cluster formation [3] [4] [5] [6] . These phenomena originate from the dissipative nature of granular particles during inelastic collisions. Granular gas is one of the simplest setups to theoretically understand the essence of granular materials. Indeed, the kinetic theory is applicable to granular gases when the density is not extremely high, where their dissipative nature appears as the non-Gaussian velocity distribution function (VDF) [7] [8] [9] [10] [11] [12] [13] [14] [15] . Therefore, high-order cumulants, such as skewness and kurtosis, are expected to play important roles in understanding the characteristic behavior of granular materials in addition to the second-order cumulants (i.e., the granular temperature) [9, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] .
A typical method to measure VDFs includes the direct tracking of the motion of grains. This method is widely used for quasi-two dimensional systems. However, there are technical difficulties for three-dimensional systems because most of grains in the bulk of the system are invisible from the exteriors of containers. Although such difficulties have been overcome using magnetic resonance imaging [32] or fluorescent interstitial fluid [33] , the former method is not easily accessible and the latter method induces additional rheological effects via the interstitial fluid on the granular flow.
Another experimental method involves the indirect measurement of granular velocity fluctuation via probes. For example, a rotor can be placed into a granular gas as a probe to measure the angular velocity fluctuation of the rotor [34] [35] [36] [37] [38] [39] [40] [41] [42] . The VDF of the granular gas can be inferred from that of the rotor. It is important to note that this method works well for systems in thermal equilibrium according to the fluctuation-dissipation relation. Recently, the relevance of this type of indirect method has been demonstrated for spatially homogeneous and isotropic granular gases through the analysis of the nonGaussian Langevin equation in Refs [43, 44] on the basis of the Boltzmann-Lorentz equation [45] [46] [47] [48] [49] [50] [51] . However, the model used in this case is not sufficiently realistic because inhomogeneity and anisotropy exist in real granular gases such as vertically vibrated granular systems under gravity [12] . This implies that a more realistic formulation is necessary for the experimental measurement of high-order cumulants by observing the rotor dynamics.
In this study, the molecular dynamics (MD) simulation of a realistic granular rotor is performed to demonstrate the role of a rotor as a probe to measure the VDFs of vibrating granular beds [36] [37] [38] [39] [40] [41] [42] . An event driven MD simulation of a rotating rotor is performed around a fixed axis in a vertically vibrated granular gas under gravity in accordance with a method used in a previous study Ref. [5] . The dynamics of the rotor in vibrating granular beds is analyzed to derive the relationship between the angular VDF of the rotor under viscous or dry friction and the VDF of the granular gas [43, 44] . In this study, it is also demonstrated that the formulas can be applied in the MD simulation. The formulas can be used to infer the VDF of a gas with velocities that cannot be directly measured. Furthermore, it is demonstrated that the formulas work to detect the dependence of the VDF of the granular gas on its position in the container. Hence, the results indicate that the granular rotor can be used as a local velocity probe for a realistic granular gas.
The organization of this paper is as follows. The setup of the simulation used in this study is described in Sec. II. In Sec. III the basic equations to derive the inverse formula for a cylindrically symmetric granular gas [43, 44] are examined. In Sec. IV the formulas for the VDF of the gas and the angular VDF of a rotor are derived under viscous friction around a rotating axis. Furthermore, the numerical validity of these formulas are verified and the details of the numerical implementation are described. Section V discusses the dependence of the viscous rotor on its position in the container. In Sec. VI the angular VDF for a dry frictional rotor is examined using the numerical VDF of the granular gas under gravity. In Sec. VII the conclusions of the study are presented with some remarks. In Appendix A the details for the MD simulation for the rotors are explained. Appendix B discusses a benchmark test of the simulation and formulation wherein the rotor is examined under viscous friction in an elastic gas without gravity, in which the angular VDF for the rotor is analytically obtained. Appendices C and D discuss the detailed derivation of the analytic formulas for the rotors under viscous and dry friction, respectively.
II. SETUP OF THE SIMULATION
The schematics of the setup used in the study are illustrated in Fig. 1 . The setup involves the preparation of N = 100 frictionless grains of diameter d = 0.02 √ A and mass m under gravity g in a quasi two-dimensional container (area A = L 2 box , height H box = 0.1L box ). The VDF of inelastic grains under gravity and vibration is different from the Gaussian. The restitution coefficient e g = 0.71 is adopted for inelastic rigid grains, and it corresponds to the effective restitution coefficient for low density polyethylene [52, 53] . The restitution coefficient between grains and the side wall e w is selected such that it is identical to that for collisions between the grains (e w = e g = 0.71). The parameters in the simulation are summarized in Table I . Both the rotational motion of the grains and the tangential contact force between the grains are not considered in the event-driven MD simulation, because the effect of the tangential friction of spherical grains can be absorbed into the effective normal restitution coefficient if the duration (contact) time of the grains is negligible [54] [55] [56] [57] . It should be noted that the extension of the setup is straightforward for dense frictional grains in three-dimensional systems, where the effects of the rotations and the tangential frictions are not negligible. Appendix A is referred to for the details of the event driven simulation.
The origin of the system in the laboratory frame (x, y, z) = (0, 0, 0) is selected as the bottom center of the container at t = 0. A thin rotor of mass M rotating around the fixed axis (x, y) = (x 0 , y 0 ) is introduced under the frictional torqueN fri (ω) with a width w = 0.1L box and a height h = H box − d (Fig. 2 and (b)). The restitution coefficient e between the rotor and grains is introduced and e = e w = e g = 0.71 is adopted. The moment of inertia of the rotor can be expressed as I ≡ M w 2 /12. The density of the granular
2 , where the volume fraction is given by πd 3 ρ/6 ≃ 0.00545. The rotor is assumed to be sufficiently massive, i.e., the mass ratio ǫ of the mass of the grain m to that of the rotor M can be obtained by ǫ ≡ m/M = 0.01 ≪ 1. The local VDF of the granular gas is measured near the rotating axis in the region of r = (x − x 0 ) 2 + (y − y 0 ) 2 < r obs ≡ 2w and x + v 2 y in the areas (i) and (ii) are shown as open squares and filled circles, respectively. It is noted that the VDF for area (i) differs from that in the area (ii) because of the boundary effects. The observed VDFs cannot be fitted by the theoretical VDFs in Ref. [9] represented by the solid line and the dashed line for the areas (i) and (ii), respectively. z 0 < z < z 0 + H box . Rough walls are introduced both on the top and the bottom of the container to distribute the energy in the horizontal direction (See Fig. 2 (b) ). When a grain collides against the rough wall, the post collisional direction n ′ ⊥ is randomized with the kinetic energy conserved during the collision. The scattered angles (θ s , φ s ) are selected from uniform random variables in 0 ≤ φ s ≤ π/2, 0 ≤ θ s ≤ 2π (See Fig. 2 (c) ). It is noted that the probability density per unit solid angle for small φ s exceeds that for large φ s , while the probability density per unit solid angle for the horizontal direction θ s is uniform. The rough walls introduced in this study corresponds to the walls where sandpapers are glued [60] . Energy is injected into the granular gas by vertically vibrating the container in a piece-wise linear manner with a constant speed [61] . Figure 2 (d) illustrates the time evolution of the bottom of the wall z = z 0 . The direction of the container motion is changed by the interval t wall = z max /2g. The amplitude is z max /2 = 0.01L box and the speed of the box is given by v 0 ≡ z max /t wall .
Note that the rough wall is different from the thermal wall, where the magnitude of velocity is randomly selected from the Maxwell distribution function [58, 59] . See Appendix B for the simulation of grains associated with a thermal wall.
We here show that the VDF of the gas is almost cylindrically symmetric. The VDFs are observed in two regions, namely in the areas (i) and (ii). Here, the center of the area (i) is (x, y) = (0, 0), and the center of the area (ii) is (x, y) = (−L box /4, −L box /4) (see Fig. 3 (a) ). The VDFs φ α for α = x, y, z directions are shown in Fig. 3 (b), where the data are obtained in the area (i). It is noted that the VDFs for the horizontal direction also deviates from the Gaussian (dotted line) exp(−c 2 α /2)/ √ 2π with c α = v α /v 0 . The VDF for v z is irrelevant for the analysis because the rotor rotates around the vertical (z) axis and cannot detect the velocity in the z-direction. Thus, the inverse formula is formulated solely for horizontal VDFs on the basis of the Boltzmann-Lorentz equation. In Fig. 3 (c) , the numerical data of the VDFs of grains for v ≡ v 2 x + v 2 y are shown for both areas (i) and (ii). It should be noted that the VDF in area (i) (open squares) differs from that in the area (ii) (filled circles) because of the boundary effect. In this study, only area (i) is considered in Secs. IV and VI, while both areas (i) and (ii) are discussed in Sec. V.
The obtained VDFs are compared with the theoretical VDFs for granular gases activated by a white noise thermostat [9] , which is phenomenologically used for the analysis of vibrating granular gases [21] . Note that the observed VDFs can not be fitted by that in Ref. [9] , which is expressed as 
III. BASIC EQUATION
The basic equation for cylindrically symmetric granular gases is described. We only consider the twodimensional VDF φ = φ(v x , v y ) for the grains to calculate the angular VDF for the rotor. The time evolution of the probability distribution function (PDF) of the angular velocity of the rotor P = P (ω, t) can be described by the Boltzmann-Lorentz equation [45] [46] [47] [48] [49] [50] [51] as follows:
Here, the following expression is introduced
, and R I ≡ I/M , where n and t denote normal and tangential unit vectors on the surface of the rotor, respectively. Correspondingly, the variables with the subscripts n and t denote the normal and the tangential components of the vectors, respectively. The unit vector in z direction is expressed as e z . It should be noted that this set of equations is widely used in systems such as granular gases activated by a white noise thermostat [9, [62] [63] [64] [65] [66] . Additionally, σ is also introduced as a coordinate variable along the surface of the rotor, running over 0 < σ < 2w [45] . According to Refs. [43, 44] , Equation (1) is reduced to a Langevin equation for the angular velocity Ω ≡ ω/ǫ driven by the state-independent non-Gaussian noise in the massive rotor limit ǫ → 0 when the axial friction is sufficiently strong. The following section examines the steady distribution function denoted by P ss (Ω) ≡ lim t→∞ P(Ω, t) with P(Ω, t) ≡ ǫP (ǫΩ, t) for the two types of axial frictions, namely the viscous friction N fri = −γω and the dry friction N fri = −∆sgn(ω), in which the signature function sgn(x) ≡ x/|x| with sgn(0) = 0 and the friction coefficients γ and ∆ [67] [68] [69] [70] [71] are introduced.
IV. GRANULAR ROTOR UNDER VISCOUS FRICTION
In this section, the role of the rotor under viscous friction N fri = −γω is examined in terms of a probe of the granular gas. In Sec. IV A, the forward and inverse formulas connecting the granular VDF with the rotor PDF are analytically derived. In Sec. IV B, the validity of the forward formula is verified by estimating P ss (Ω) using the numerical data for φ(v). Next, in Sec. IV C, the inverse problem is solved, i.e., the granular VDF φ(v) is derived from a given P ss (Ω), which enables the inference of the properties of granular gases from the motion of the probe, i.e., the rotor. Section IV D describes the detailed procedures and numerical techniques applied to derive the formulas.
A. Analytic formulas for PDF of the rotor
With the aid of Ref. [72] , the steady angular VDF in the Fourier transformP ss (s) ≡ ∞ −∞ dΩe isΩ P ss (Ω) can be expressed as follows:
where the cumulant generating function Φ(s)
and the scaled transition rate W(Y) can be represented by an integral transform of φ(v) for the cylindrically symmetric case as follows:
Here, dimensionless variablesw = (1 + e)w/2R I ,s [73] is used. Appendix C provides the detailed derivation. It should be noted that Eq. (4) is valid for both the rotor under linear (viscous) friction and for the rotor under nonlinear (dry) friction. The following expression is obtained by substituting Eq. (4) into Eq. (3):
where B = (2/γ) ∞ 0 dṽṽ 2φ (ṽ), a dimensionless variable k ≡ws, and a scaled friction coefficientγ ≡ γ/(2ρhwIv 0 ) are introduced. The integral on the right hand side of Eq. (5) is known as the Struve transformation, and its inverse transformation is the Y transform. These are types of the Bessel transformations [74] . The inverse estimation formula is obtained by introducing the Neumann function N ν (x) with ν = 0 [73] :
The VDF of the granular gas is determined from Eqs. (6) and (7) by observing the rotor dynamics. This implies that the rotor is considered as a thermometer for the granular gas with the aid of the inverse formula Eqs. (6) and (7). Note that the constant B in Eq. (7) is numerically determined by the condition lim k→∞ G vis (k) = 0 known as the Riemann-Lebesgue lemma.
B. Forward problem for viscous rotor
Prior to considering the inverse problem, the forward problem, i.e., the determination of the PDF of the rotor from the VDF of the granular gas is discussed. The validity of the formulas (3) and (4) are verified using the numerical VDF φ(v) of the granular gas under gravity. In the following numerical simulation, γ/M v 0 z max = 5.0, which corresponds toγ = 5.7624. In Fig. 4 (a) , P ss (Ω) is plotted by the solid line on the basis of Eqs. (3) and (4) as well as the numerical histogram for φ(v) and the results of the MD simulation (circles). In general, the theory agrees with the MD simulation except for the point near Ω = 0, where the numerical error can be reduced if smaller bin-width is used for φ(v). The bin-width of the numerical histogram is adopted for φ(v) as 2.5 × 10 −2 v 0 . Section IV D 1 provides the detailed procedure to obtain the solid line in Fig 4 (a) .
C. Inverse problem for granular gas
This subsection discusses that the VDF of the granular gas can be inferred only through the numerically obtained steady distribution of the angular velocity of a rotor under the viscous friction by using the formula Eqs. (6) and (7).
The result for the inverse formula in Eqs. (6) and (7) is shown in Fig. 4 (b) , where the parameter B is estimated as B = 0.365556 and we use the bin-width 4.33011 × 10 −4 v 0 /R I for P ss . The formula (6) represented by open squares correctly predicts the numerical VDF φ(v) near the rotor (filled circles), while the theoretical VDF vφ NE for the white noise thermostat fails to fit the data. The bin-width for P ss is considered as 4.33011 × 10 −4 v 0 /R I . Although numerical oscillations exists for large v/v 0 , the estimation for the granular gas on the basis of Eq. (6) corresponds well to the directly measured VDF of granular particles in the MD simulation. This implies that the inverse formula (6) supplemented by Eq. (7) enables the use of the rotor as a non-equilibrium thermometer. Sec. IV D 2 provides the details of the numerical implementation. 
D. Numerical implementation for the formulas
Eqs. (3)- (7) This subsection describes the technical details of the numerical implementation for the formulas Eqs. (3)- (7). The description is useful for both experimentalists and theoreticians interested in the details of the method. However, this subsection can be skipped if readers are not interested in the technical details.
Forward problem
The detailed numerical technique is described to obtain P ss (Ω) using Eqs. (3) and (4). (d) The Fourier transform forP ss (s) is used to obtain P ss (Ω). Note that P ss (Ω) had a sharp peak around Ω = 0, which is serious for the numerical Fourier transformation in terms of convergence. This problem is solved by using the double exponential formula, which is a numerical technique for singular functions [77] .
(e) P ss (Ω) is obtained. The fitting parameters adopted here are listed in Table II . 
Inverse problem
It is necessary to discuss the detailed numerical technique to obtain φ(v) from P ss (Ω) on the basis of Eqs. (6) and (7). Fig. 6 shows the outline of the procedure. The procedure includes the following eight steps (a)-(h) to obtainφ from numerical P ss (Ω).
(a) The angular VDF of the rotor P ss (Ω) is measured.
(b) This is followed by the extrapolation of P ss (Ω) for the tail (Ω → ∞). Furthermore, P ss (Ω) is fitted in the range Ω − < Ω < Ω + by a fitting function b (c) The Fourier transform for extrapolated P ss (Ω) is performed to obtainP ss (s). The double exponential formula [77] is similarly applied to the forward problem.
(d) The parameter B is estimated and the data of (g) The Y transform (6) is applied for the numerically obtained G vis (k).
(h) φ(v) is inversely estimated. The fitting ranges and parameters introduced here are summarized in Table III.   TABLE III 
V. POSITION DEPENDENCE OF THE ROTOR
This section discusses the utility of the rotor as a local non-equilibrium probe. In Sec. IV C it is already demonstrated that the VDF of the surrounding gas in the area (i) can be inferred from the angular VDF of the viscous rotor P ss . However, as shown in Fig. 3 (c) , VDFs in areas (i) and (ii) have slight differences. It is important to discuss whether or not the local VDF in the area (ii) can be inferred from the motion of the rotor using Eqs. (6) and (7).
In Fig. 7 , it is shown that the VDF in area (ii) can be also inferred from the angular VDF of the rotor. The estimated VDF and the directly measured VDF are represented by squares and circles, respectively. Here, the parameter B is estimated as B = 0.40278. Numerical oscillations for large v/v 0 also exists. Although the accuracy of estimation is slightly lower than that in Fig. 4  (b) , the estimated data are consistent with the directly observed VDF. The reason for the small discrepancy can be attributed to the violation of the cylindrical symmetry because of the boundary effect. The same procedure as Section IV D 2 is adopted, and the corresponding fitting ranges and parameters in this section are listed in Table  IV . 
VI. GRANULAR ROTOR UNDER DRY FRICTION
A rotor under dry friction N fri = −∆sgn(ω) is considered. Note that the real experimental rotors are influenced by dry friction [38] [39] [40] . In Sec. VI A we show the outline of the derivation of an analytic formula for the angular VDF of the rotor, and verify its validity in Sec. VI B (See Appendix. D for the detailed derivation). Note that only the forward problem is examined by the perturbative method developed in Refs. [44, 46] . (9) is adopted for the VDF of the gas shown as the solid line. VDF in Ref. [9] is also shown. ′ is known as the independent kick solution, which is originally introduced in Ref. [46] and is systematically derived in Refs. [43, 44] . The independent kick solution is expressed as:
with the friction coefficient independent of ǫ:∆ ≡ ∆/ǫ. Introducing the Bessel function J ν (x) [73] ,P ss of the rotor under the dry friction can be rewritten as:
where the following coefficient is introduced:
for a positive integer l = 1, 2, · · · . Note thatP ss (s) can be separated into the δ-type singular part denoted by P inf ≡ lim s→∞Pss (s) = 1 + C 1w 2 /∆ ′ and the smooth part denoted byP c ss (s) ≡P ss (s) − P inf . See Appendix D for the detailed derivation.
B. Forward problem for dry frictional rotor
This section examines the consistency between the theoretical results in Eqs. (9) and (10) Fig. 8 (b) , the numerical PDF P ss (Ω) in the MD simulation is correctly predicted from the numerical VDF of the granular gas φ(v) according to Eq. (9) (Fig. 8 (a) ). It is also verified that the VDF of the granular gas does not depend on the details of the ω dependence of the frictional torque N fri . It is noted that the VDF of the granular gas obtained in the MD simulation can not be fitted by that activated by the white noise thermostat [9] . In Fig. 8 (b) , the squares and the solid line represent histograms for MD and the Fourier transform of Eq. (9), respectively. For a given VDF of the granular gas, the theoretical result agrees with the result of the MD simulation without introducing any fitting parameters. Note that there are small discrepancies between the theoretical result and the data for the large ΩR I /v 0 , because the independent kick model is accurate only for small ΩR I /v 0 . The detailed implementation of Eqs. (9) and (10) are provided in Sec. VI C.
We here discuss the difficulty for the inverse estimation problem under dry friction in the present theoretical analysis. Although Eq. (9) can be formally solved in terms ofφ, the formal inverse formula is practically useless because the independent kick model under dry friction is only valid for small ΩR I /v 0 and, thus the inverse Fourier transformation of Eq. (9) does not work well. Indeed, the exponential tail is reported for the dry frictional rotor for large ΩR I /v 0 in Ref. [44] , which cannot be captured by the independent kick solution.
C. Numerical implementation for the formula Eqs. (9) and (10) In this section, a detailed technique to use the analytic PDF formulas (9) and (10) is described. In a manner similar to Sec. IV D, this description is useful for both experimentalists and theoreticians interested in the details of the calculation. However, if readers are not interested in our technical details, they can skip this subsection. Fig. 9 provides the outline of the procedure. The following six steps are involved (a)-(f) to obtain P ss (Ω) numerically.
(a) The granular velocity around the rotor is observed, and a histogram is obtained for the numerical VDFφ(ṽ).
(b) A sufficiently largeṽ − andṽ + (ṽ − <ṽ + ) are introduced to extrapolate the data forṽφ(ṽ) in theṽ → ∞ limit. Numericalṽφ(ṽ) is fitted in the rangeṽ − <ṽ <ṽ + with the exponential function b 1 exp(−b 2ṽ ), and the data are extrapolated forṽ − <ṽ <ṽ end = 20ṽ − by the fitting function. The cutoff forφ(ṽ) is introduced asṽ end (>ṽ + ). It is also verified that the following results are invariant if the Gaussian is used as the fitting function.
(c) Furthermore, G dry (k) is obtained in terms of the Bessel transform Eq. (10), and C 1 and C 2 are calculated according to Eq. (11).
(d) We interpolate the data of G dry (k) for 0 < k < k − cut by the fitting function 1/2π + C 1 k 2 + C 2 k 4 , which corresponds to the Taylor expansion of Eq. (10) to avoid the numerical divergence of the second term in Eq. (9) in the k → 0 limit. To extrapolate G dry (k) for large k, we fit the data of
with fitting parameters d 1 and d 2 . We extrapolate the data using (g) We obtain P ss (Ω) = P inf δ(Ω) + P c ss (Ω). We note P ss (Ω = 0) = P c ss (0) + P inf /∆Ω. Here, ∆Ω is the data mesh for Ω. The fitting parameters introduced here are summarized in Table V . 
VII. SUMMARY AND DISCUSSION
We have examined the role of a granular rotor as a local non-equilibrium probe through the MD simulation of the rotor in vibrating granular beds under gravity. We have observed spatially inhomogeneous VDFs. We have formulated the inverse formula in cylindrical coordinates to explain the result of the MD simulation for a realistic viscous rotor. Starting from the Botlzmann-Lorentz equation, we have derived analytic formulas for the viscous frictional rotor. On the basis of the derived formulas, we have numerically calculated the angular VDF of the rotor from the data of VDF of the granular gas near the rotor, and vice versa. Furthermore, we have demonstrated that our inverse formula can be used even if the location of the rotor is different from the center of the container. Thus, the granular rotor is useful as a local probe for non-equilibrium baths.
With respect to a rotor under dry friction, only the forward problem is considered, and the result corresponds to the MD result. The present study could not solve the inverse problem for the rotor under dry friction. In order to derive a valid inverse formula for the rotor under dry friction, it is expected that an appropriate interpolation between the independent kick solution and the exponential tail of the VDF of the rotor is necessary.
There are several possible extensions of this study. In the study, it is assumed that the restitution coefficient of grains is constant [52, 53] . However, the restitution coefficient for a sphere depends on the impact velocity v imp as e(v imp ) = 1 − B 1 v 1/5 imp + · · · (B 1 > 0) [6, 75, 76] . As discussed in Ref. [79] , the velocity dependence of the restitution coefficient can be introduced to the BoltzmannLorentz equation, and this can be also analyzed by the theory proposed by the present study. It is necessary to analyze the effects of the tangential interaction and the mutual rotation between grains. It would be possible and interesting to apply our framework to the rotor in dense granular media [80] or denser granular liquids near the jamming transition beyond the Enskog equation [31] by modifying the transition probability W ǫ [81] . It is also particularly necessary for future studies to estimate the errors for the inverse estimation formulas.
Acknowledgement
We are grateful for useful discussion with A. Puglisi and A. Gnoli. The numerical calculations were carried out on SR16000 at YITP in Kyoto University. This work is supported by the Grants-in-Aid for Japan Society for Promotion of Science (JSPS) Fellows (Grants No.26·2906, No.27·6208, and No.28·5315), and JSPS KAKENHI (Grant No.25287098 and 16H04025). This work is also partially supported by the JSPS core-tocore program for Nonequilibrium dynamics for soft matter and information. ; i}. However, collision times between the rotor and grains can not be calculated accurately. In the simulation, the collision time of grain i with the rotor ∆t rotor i is approximately obtained by the virtual time evolution in a small time increment 1.0 × 10 −4 z max /2g. The collision time between a grain and the rotor is approximately calculated as the time when this distance becomes smaller than the radius of the grain after the virtual updating of the positions. If a grain collides with the wall before colliding with the rotor, it is considered that the grain does not collide with the rotor in this time step. Then, the minimum collision time between grains and the rotor can be obtained as ∆t rotor = min{∆t rotor i
; i}. The time step of the simulation is obtained as ∆t next = min{∆t grain , ∆t wall , ∆t rotor } by comparing three candidates of the collision time. In this appendix, it is shown that P ss observed in the MD simulation can be analytically predicted when the gas is elastic (e g = e w = e = 1) without gravity g = 0 and vibration. Therefore, this simple setup is examined By using Eqs. (3) and (4), the analytic solution for P ss (Ω) is obtained as
(B2) Here, D F (x) denotes the Dawson function [73] : D F (x) ≡ e −x 2 x 0 e t 2 dt and q F p denotes the generalized hypergeometric function [73, 78] :
where the Pochhammer symbol is introduced as (a) l ≡ Γ(a + l)/Γ(a) with l ≥ 0. Here, Γ(a) represents the Gamma function Γ(a) = ∞ 0 s a−1 e −s ds. In order to plot Fig. 10 , γ/M z max v 0 = 0.50, which corresponds tõ γ = 0.57624 is adopted. The histogram for the angular velocity is shown in Fig. 10 and the analytical solution (solid line) is consistent with the MD simulation result (squares) thereby ensuring the accuracy of the MD code and the validity of the proposed framework.
Appendix C: Detailed derivation of the formulas for a rotor under viscous friction
In this appendix, the detailed derivation of the analytic results for the viscous frictional rotor in Sec. IV is shown. Specifically, given that Y ≡ y/ǫ is introduced, the transition rate given by W(Y) ≡W (ω = 0; Y) is independent of ǫ and Ω. It is noted that W ǫ (ω; y) satisfies the relationW (ω; Y)dY = W ǫ (ω; y)dy up to the leading order. We obtain the reduced time evolution equation for P = P(Ω, t) in ǫ → 0 limit from Eq. (1) when the axial friction is sufficiently strong according to the generalized system size expansion [43, 44] . For general frictional torque N fri = N fri (ω), the following expression is obtained:
where the rescaled frictionÑ fri (Ω) = N fri (ǫΩ)/ǫ is introduced. Additionally,Ñ fri (Ω) = O(1) is assumed in ǫ → 0 limit.
The scaled friction is expressed asÑ fri = −γΩ in Eq. (C1) for the case of viscous friction withγ = γ/(2ρhwIv 0 ). The cumulant generating function Φ(s) is calculated. For an even integer l, the cumulant K l = dYY l W(Y) is calculated as follows: 
The coordinate variable σ to σ ′ satisfying −w/2 < σ ′ < w/2, is changed, and the front-back symmetry is used for the rotor. Then, Φ(s) is written as follows: 
where the Struve function is introduced as follows: 
we obtaiñ 
